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Abstract: in this study we investigated the solvability of the Cauchy problem solution and its structure for a
singularly perturbed integro-differential equations with a turning point derivatives. In solutions found an
integral representation.
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The essence of the proposed method is converting solutions, finding the solutions of the initial transformation
of the Cauchy problem for a singularly perturbed integro-differential equations in partial derivatives with a
turning point, and bringing to the Voltaire equivalent integral equation of Il kind. Here are algebraically-
functional bases of conversion method making the theory of differential, integral equations.

In many problems of analytical and asymptotic theory of differential and integral equations applied the
method of converting solutions. For example, in Paper [1] Chapter VIII is devoted the method of converting
solutions, allowing to integrate a predetermined differential equation or explore the properties of its solutions.

In this regard, we introduce a definition. Let's €2 - a set, the operators A and K represent it in himself.
Consider the equation

where b - a fixed element of €2 and conversion
X =Ky @
From (1), (2) directly have
AKy =b 3
Hence, if there is a "semi-inverse" operator (AK )_1 to the operator of AK, we obtain
y=(AK)"b
and from (3), (2) we have solution of equation (1) in the form
x=K(AK)™b ©)

Definition1. The operator K will be called the operator of converting solutions of A.
NOTEL. If (2) has the form

x=Kx
then (1) can be written as
x =(AK) b

in particular, if it appears AK = E, E -the unit operator, K = A™

NOTE 2. It is necessary to choose the operator K, so as to obtain a simplified new operator equation (3), to
which it would be possible to apply one of the following methods:

- topological methods for proving the existence of solutions, for example, the principle of compressed
mappings;



- methods expansions of solutions, for example, methods of making the expansion in power series (the first
Lyapunov method);

- directly produce various, including asymptotic evaluation using assumptions with respect to A and K and
the element b, the independent variable tends to a limiting value.

NOTE 3. We note that the definition 1 includes the methods of integral transforms y= FX, Fourier
transforms (Laplace), substituting (2) in the form

Y=FX here F=K?,
l.e pre-suppose the existence of the inverse operator K
-1
inverse operator (AK) .

Now consider the singularity perturbed integro-differential equation in partial derivatives with a turning
point

1 . . .
, Whereas in (4) assumes the existence of semi-

g(zt—qu%jJrsin ntu(t,x) = f(t, x, u(t, x))+_:[K (t,s,u(s, x))ds (5)

with the initial condition

u(0,x)=g(x).
Here are mathematical notation used in this paper:
R-number line R, := (0; +);

CeP-(€) - N)- space of functions bounded and continuous together with its derivatives to the
corresponding order;

Lip(L ‘u) - class of functions satisfying a Lipschitz condition and with coefficient L.
Assumption (T). Let n € N - fixed number,

f(t,x,u)eC([0,T]xRxR)nLip(Ly],), (x)eC'(R),
K(t,z,u)eC((0<z<t<T)xR)nLip(L,|,).
The solution of the Cauchy problem (1) - (2) in the form

! —g(’(—s)+ﬂ—vS 1
u(t,x):¢(x—t)+je8 ¢ ZQ(s,x—t+5s)ds,
0

&

Where Q(t, X)— a new unknown function to be determined; &, f € R, and their values will be determined

later.
Successively differentiating with respect to t and x relation (7), we have
, 1 2 a P esls 1
U (tX) =—@/(x—1)+Ze°QtX) - =(u—p)—[e © ¢ ZQ,(s,x—t+s)ds; (@
& & 0 &
, ¢ —g(t—s)#—ﬁ—VS l
ux(t,x)=¢(x—t)+'|.e s e ZQ (s, x—t+s)ds.  (9)
&
0

From whence
Jii

u, (t, x) +u, (t,X) =le;Q(t,x) AT ggo(x —1).
& & &

Multiplying both sides of this equation by &£ , we have
s
e(u, +u,)+au(t,x)=e*Q(t,x) + ap(x —1t). (10)
In view of (6)

e(u, +u,)+sintu= e%Q(t, X) —(a—sint)u(t, x) + ap(x—t)

Where, taking into account (7), we obtain



Bt

Q(t, X) =e_{f(t, X,u)+j.K(t,r,u(t,r))dr}+

+eit(a—sinnt{ (x— t)+Ie E ﬂS—Q(s X — t+s)ds}—e itago(x t),
or
Otx)=e ¢ f(tx,p(x— t)+je R —Q(s X—t+s)ds+
ﬂtj{K(t s, (X — r)+Ie o ﬂs;Q(s,x—rJrs)ds}err (11)

o () 4
+e ¢ (a—sinnt)je 2 —Q(S,x—t+3)0|8+e ¢ sinntp(x—t) = P[Q].
&

Then, to prove the existence and uniqueness of solution of the Cauchy problem (5) - (6) to the Voltaire
nonlinear integral equation of 11 kind apply the contraction mapping principle, I. e to the operator equation
u=~Pu,
where the operator Pu - right side of equation (11).

Let the set
Q={Q(t,x):Q(t,x) e C*([0,TIxR)U|Q| < h}
Values T and h will be determined later.
From (11), the assumption (T), we have
BT t (“*ﬂ)( 5) 1 Bt
IPQ[<e ¢ [M,+M,T]+(a+1) J'e =|Q(s,x—t+s)|ds+e “M, <
0 &
i
<e* (M1+MZT+M3)

IIQII

Hence, by the definition of {2, we have

a+l h.

AT
|PQ|<e * (M1+MZT+M3)+a+ﬁ
If we choose T, &, 5, h so that

T

e ¢ (M,+M,T+M,)+ a+l

h<h, (12)
a+pf

the operator P[Q] puts the set of P[Q]I Q->Q
Now we show that the operator P is a contraction operator. From (11) using the assumption (T), we obtain

(o122 1
|PlQ]-P[Q.]|<]e * [f(t X, (X — t)+fe e —Ql(S X—t+5)ds)—

(X, (X — t)+je s(’)ﬁin(sx t+s)ds)}

Tooa ps

t T« s t
eﬁ:[ r<[t,s,<o(x-r)+jef(”)+ 1Ql(s,X—r+S)dSJ—jK[t,s,fp(X—rHe A 1Q2(s,X—r+S)de] +
b 0 &

0

e ¢ (a-sin nt)J'e_;(t_s)T 1[Q (5, X=t+5)=Q (s, x~t+5)]ds| < [—Li i ti;ﬁl)

0 &

}IIQ (6X)-Q .0,



where it is considered that ||sin nt|| <1 VneN.

Now we impose on &, ,B the following restrictions:

MCL (13)

a+f

Then (11) implies that operator P[Q] is a compression operator on the set (2. On the principle of

contraction mapping equation (11) has a unique solution Q(t, X) eQ. Substituting the function found in (7),

we obtain the solution of the Cauchy problem (5)-(6).
Now we investigate the differential properties of solutions of the Cauchy problem (5)-(6) in the region €.

Forall Q(t, X) € Q from the equation (7) implies the inequality

P _a
Juct, x)|| < |e(x—t)||+ je P %Q(s,x—t+s)ds <K, +e e aE,B_KO = const.
0
From (8) we have
, 12 a b Lesls 1 ,
lu, &, x)]| = |- (x—t)+;e5Q(t,x)—Z(u—qo)—J.e e e EQX(s,x—t+s)ds <|-@'(x-t)||+
0
pt U2 o8
+ 1e‘fQ(t,x) + —g(u—(o) +(—1e 0 flex(s,x—Hs)ds < N, —const.
£ & ’ &
From (9) we have
U2y g 08
lu, & )| =l (x )] + Ie S le(s,x—t+S)ds <N, —const.
0 &

Thus we have proved that all the derivatives included in the equation (5) are uniformly bounded. Thus, we
have

THEOREM. Let the assumptions (T), (12), (13). Then 3 T0 > 0 such that the Cauchy problem (5) - (6) has
asolution u(t,X) € c ([O,To]x R) , Which has a representation in the form of the integral (7).
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